Abstract: For a given linear time-invariant plant-compensator pair in a closed-loop, it is shown that, if a simple matrix equation holds, the closed-loop system behaves like a functional observer of a linear function of the state of the plant. If such a function can be used to augment the plant output, it is possible to use a static output feedback from the augmented output, thus obtaining as a closedloop system the restriction of the original one to a suitable invariant subspace. A dual result holds too, ensuring stabilisation by static output feedback with an augmented input. If the plant output/input cannot be augmented, the use of multirate samplers/holders is proposed in order to equivalently augment the outputs or inputs of the controlled plant, thus making the technique suitable even if no additional sensors/actuators can be placed on the plant. The proposed multirate controllers are either static or asymptotically stable, and thus strongly stabilise the plant.
Introduction
The static output feedback stabilisation of multi-input multioutput linear systems has been the subject of several publications (see the survey as [1] , and the references therein). Since the initial work of Luenberger [2] , there has also been interest in the design of asymptotic observers for linear functions of the state of a linear system [3, 4] . These two problems are now related, in a study of the structure of an asymptotically stable closed-loop system constituted by a given plant and a given compensator, through a nonsymmetric algebraic Riccati equation. Continuous-time and discrete-time systems are considered jointly, since this does not yield significant complications.
Provided that the relevant nonsymmetric algebraic Riccati equation is solvable for the given plant described by a triple (A, B, C) and the given compensator, there exists an augmentation of the input (output) of the plant (i.e. additional columns (rows) that can be added to matrix B (C )) such that the augmented plant is stabilisable by static output feedback. The direct application of the proposed technique requires suitable additional actuators (sensors), which can be a restrictive assumption in many applications.
However, considering additional inputs or additional outputs is not very restrictive for sampled-data systems, and an alternative approach based on the theory of multirate systems is detailed in the second part of this work. As opposed to the previous requirement of the additional actuators (sensors), the alternative approach only requires the use of faster zero-order holders (samplers). By performing a suitable lifting of the input (output) signals, the multirate (periodic) sampled-data system can be described by a time-invariant discrete-time system having additional inputs (outputs) with respect to the original system (see [5] and references therein). In particular, the use of multi-rate input controllers (MRIC) [6] and multi-rate output controllers (MROC) [7] will be considered, for both their simplicity and their relevance in industrial applications.
The problem of strong stabilisation, i.e. stabilisation by an asymptotically stable controller, has also attracted considerable attention during the last decades; in particular, strong stabilisation is one of the reasons for interest in static feedback. If the class of admissible controllers is restricted to linear time-invariant ones, a necessary and sufficient condition to be satisfied for the plant to be strongly stabilisable is given by the parity interlacing property (PIP) [8] , which requires the numbers of unstable real poles of the plant between any couple of unstable blocking zeros of the plant all have the same parity. The PIP is no longer necessary if MRICs or MROCs are used. Also, the controllers proposed here, in addition to 'equivalently augmenting' the plant's input (output), guarantee strong stabilisation for plants possibly not satisfying the PIP.
Main results
Consider a multi-input multi-output linear system:
where x 2 R n ; y 2 R q ; u 2 R m ; A S ; B S and C S are real matrices of suitable dimensions, and the symbol D denotes either the derivative with respect to time D xðtÞ :¼ dxðtÞ=dt; if (1) is a continuous-time system (in the following, briefly, if t 2 R), or the one-step shift operator D xðtÞ :¼ xðt þ 1Þ; if (1) is a discrete-time system (briefly, if t 2 Z). From now on the dependence on time will be omitted. Assume that there exists a linear dynamic controller:
where z 2 R r and A G ; B G ; C G ; and D G are real matrices of suitable dimensions, such that the closed-loop system: 
has a real solution T 2 R rÂn ; then: ðzðtÞ À TxðtÞÞ ¼ 0; (ii) system (1a), equipped with the following extended output:
is asymptotically stabilised by the static output feedback u ¼ ½D G C G y e and the spectrum of the closed-loop system thus obtained satisfies
Proof: If T is a solution of (3), consider the coordinate transformation
The closed-loop system in the new coordinates becomes Dw ¼ A A CC w where, thanks to (3):
The triangular form of A CC shows that w 2 ¼ 0 is an invariant subspace of the closed-loop system, and, since the spectrum of the closed-loop system is invariant under a linear change of coordinates, that
Remark 1: A possible interpretation of the results in theorem 1 is the following: for every stabilising compensator (2) such that (3) has a real solution T, the closed-loop system acts as an observer for the linear function Tx of the state. This statement (to be compared also with the results in [9] ) is quite different from the well known fact that, given a stabilising compensator, it is possible to find a realisation of it (through the Youla-Kucera parameterisation) that contains a full-order (or a reduced-order, see [10] ) observer of the system. In fact, here, the given compensator exactly behaves as a functional observer, its state z being an estimate of Tx (with r which needs not to be equal to n or to n À q). Note also that the closed-loop system obtained by applying the static output feedback u ¼ ½D G C G y e to the extended system (1a), (4) is the restriction of the original closed-loop system (1), (2) to its invariant subspace z ¼ Tx:
The proof of the following theorem is wholly similar to the one of theorem 1. 
has a real solution M 2 R nÂr ; then the system obtained from (1) by adding r scalar inputs whose input matrix is M, i.e. the system obtained by replacing (1a) with:
is asymptotically stabilised by the static output feedback
and the spectrum of the closed-loop system thus obtained satisfies
In view of the similarity between (3) and (5), the subsequent analysis is carried out mainly with reference solely to (3), which is equivalent to:
Example 1: If the pair (A S ; B S ) is stabilisable and the pair (C S ; A S ) is detectable, then a possible compensator (2) is the following observer-based one:
matrix A CC is given by:
By using (7) it is easy to check that T ¼ I n is a real solution of (3), yielding
This confirms the expected fact that z is an estimate of x, with the dynamics of the error ðz À xÞ being an unforced linear system with dynamic matrix
Equation (3) is a so-called nonsymmetric Riccati equation, for which several results exist in the literature (see [11] and the references therein). For our purposes, it is interesting to note that the following cases can occur: (i) no solution (neither real nor complex); (ii) only complex solutions (no real solution); (iii) an integer number of real solutions; and (iv) an infinite number of real solutions, as shown in the following example.
Example 2: Let t 2 R; consider the system: (3) has an infinite set of real solutions and theorem 1 can be applied by using any of them.
For ðA G ; B G ; C G ; D G Þ ¼ ða; b; c; dÞ; the closed-loop system is asymptotically stable if and only if ða À dÞ < 0; and the (possible) solution T ¼ ½T 1 T 2 to (3) has to satisfy:
so that the following cases are possible:
For this example, (8) has generically (i.e. except on a set of measure zero in the parameter space of the controller) two solutions, either complex (so that theorem 1 cannot be applied) or real (so that theorem 1 can be applied), and both situations happen on sets in the parameter space whose interior has positive measure. Although it is not trivial to a priori determine if a real solution of (3) exists for a given system and all its stabilising controllers of a fixed order, a condition for the applicability of theorem 1 is given in remark 3.
The next theorem, following from results in [11] , explains the cases illustrated above.
Theorem 3:
(ii) For every real T solution of (3),
(iii) If (3) has infinite solutions, then A CC has some eigenvalue with geometric multiplicity greater than one.
Remark 2: Assuming that V À1 1 exists, the requirement that
are complex matrices can be easily satisfied. In particular, such a property holds if 9P ¼ P
; as it guarantees a real result.
Remark 3: Statements (i) and (ii) of theorem 3 establish a one-to-one correspondence between solutions of (3) and those invariant subspaces of A CC which can be represented as:
It follows that, in the case of distinct eigenvalues for A CC , a necessary condition for (3) to have a real solution is that sðA CC Þ can be partitioned in two self-conjugate sets so that one of the two sets has cardinality n. Such a condition is only generically sufficient.
Remark 4: If r < n; in order to simplify the computations involved with the computation of T according to statement (i) of theorem 3, notice that, letting:
ifT T is a real solution of (7) with A CC ; n and r replaced byÂ
T is a solution of (7). 
If (3) with B G C S ; A S þ B S D G C S ; A G ; and B S C G replaced by A 21 ; A 11 ; A 22 ; and A 12 ; respectively, has a real solution
Ân ; then the following dynamic compensator of order r 1 < r :
asymptotically stabilises the plant (1a) equipped with the extended output y e ¼ C e x; with C e :¼ C
Notice that a reordering of the state vector z of the compensator will also allow different choices as for which state variables of the compensator can be 'eliminated' and which can be kept. Clearly, theorem 2 can also be extended in the same way.
Since one of the topics dealt with in this work is strong stabilisation, i.e. stabilisation by means of an asymptotically stable controller, the previous remark is of interest in those cases in which, provided a suitable output or input augmentation is feasible, it is possible to eliminate all the unstable dynamics (although not all the dynamics) of the controller.
Multirate implementation
The input (output) augmentation exploited in theorem 1 (theorem 2) requires, in general, the introduction of additional actuators (sensors), which is not possible in many cases.
An alternative approach to extend the number of inputs (outputs) of a system is to use multirate holders (samplers). It is a standard fact that by using a so-called lifted representation of the resulting multirate sampled-data controlled system, a time-invariant system is obtained possibly having more inputs or outputs than the original one. In particular, the following results are referred to the classes of multirate control schemes referred to as MRIC and MROC in the literature; mutatis mutandis, similar results could be given by considering more general classes of periodic controllers applied to single-rate sample data systems. The simpler MRIC case will be treated first in Section 3.1, whereas the MROC case will be deferred to Section 3.2.
Multirate INPUT implementation
Let us consider the continuous-time system:
yðtÞ ¼ C C xðtÞ ð 9bÞ where x 2 R n ; y 2 R q ; u 2 R m ; and let its single-rate discrete-time equivalent system with sampling period T S 2 R; T S > 0; be described by:
where A S ¼ expðA C T S Þ; B S ¼ R T S 0 expðA C tÞB C dt; C S ¼ C C and the signals x½Á; y½Á; u½Á are related to xðÁÞ; yðÁÞ; uðÁÞ by the relations
In a MRIC with input multiplicities m 1 ; . . . ; m m and frame period T S ; the sampling period of the output of the plant is still T S ; but the holding device generating the ith scalar input u i ðtÞ of the plant has period T i :¼ T S =m i : In other words, (11c) is replaced when 8h 2 ½0; . . . ; m i À 1; 8k 2 Z; 8i 2 ½1; . . . ; m by the following equation:
Let B C;i denote the ith column of B C ; and define
. . . ; m: The multirate sampled system has a LTI representation (see e.g. [6] 
where B I ¼ ½A Comparing the systems in (10) and (13), it can be noticed that each scalar input in (10) generates in (13) a number of 'virtual' scalar inputs equal to its input multiplicity.
Proposition 1: Given a reachable system (9) and a frame period T S ; there exist infinite choices of m 1 ; . . . ; m m ; such that rankðB I Þ ¼ n in (13).
Proposition 1 (whose proof parallels those in [6] ) states that it is possible to obtain a right invertible matrix B I by suitable choice of the input multiplicities m 1 ; . . . ; m m :
In the following we consider the case where each signal u i ½k; h is generated as u i ½k; h ¼ L i;h r½k for h ¼ 0; . . . ; m i À 1 and suitable real (row) vectors
Recall that a compensator K is said to be strongly stabilising for a system S if K itself is asymptotically stable, and in addition stabilises S.
To simplify the statement of theorem 4, the following assumption 2 is introduced.
Assumption 2: Let (10) describe the discrete-time system corresponding to the continuous-time observable system (9) under single-rate sampling with period T S : Assume that: (9) constitute a reachable pair; (ii) the closed-loop system (10)- (2) is asymptotically stable, i.e. sðA CC Þ & C g ; (iii) equation (5) has a real solution M.
Let x SRI ðÁÞ denote the state of (9) equipped with the augmented input matrix ½B S M; sampled in a single-rate fashion with sampling period T S and in closed-loop with
and let x MRIC ðÁÞ denote the state of (9) in a closed-loop with the MRIC in the following theorem 4. Moreover, let
The following Theorem 4 is a simple consequence of proposition 1 and theorem 2.
Theorem 4: Under Assumption 2, there exists a strongly stabilising MRIC such that if x SRI ð0Þ ¼ x MRIC ð0Þ; then x SRI ½k ¼ x MRIC ½k; 8k ! 0:
Remark 6: The fact that a LTI continuous-time plant can always be strongly stabilised by means of a MRIC of the type described above has been known since the late 1970s. The contribution of this Section is to point out that theorem 4 extends the applicability of theorem 2 by using a static (periodic) linear output feedback involving multirate holders in order to virtually extend the number of inputs. Moreover, as pointed out in remark 5, even if it is not possible to find additional inputs such that the whole dynamics of the controller can be removed, it may still be the case that a modified equation is solvable, allowing us to remove part of the controller's dynamics. If it happens that this dynamics contains all the unstable modes of the controller, a multirate implementation of the static controller can still be feasible, leading to a strongly stabilising controller. By applying theorem 4 to this case, we provide an extension of the applicability of MRIC-based results on strong stabilisation, providing a not purely static solution. Further investigation is needed to identify in which cases such a dynamic solution is preferable to the purely static one.
Multirate OUTPUT implementation
Consider the continuous-time system (9) and its single-rate discrete-time equivalent system with sampling period T S 2 R given by (10) . In a MROC with output multiplicities n 1 ; . . . ; n q and frame period T S ; the period of the zero-order holding device at the input of the plant is still equal to T S ; but the sampling period of the ith scalar output of the plant is T i :¼ T S =n i : The MROC determines the input to the plant according to the relation:
where y O ½k is the lifted output signal defined as y
The state evolution of the controlled system can still be described by (10a), with x½Á; u½Á as in (11a) and (11c); moreover, standard calculations lead to the basic formula of the multirate output sampling mechanism [7] :
where, letting C C; i be the ith row of
If ½Ĉ CD D is left invertible, then for anyM M 2 R mÂm ; F 2 R mÂn there exists a solutionH H to the equationH H½Ĉ CD D ¼ ½FM M; using such relation in (16), it is easy to see that, 8k ! 0:
i.e. the MROC realises the state feedback u½k ¼ ÀFx½k for all k ! 1: The closed-loop system formed by (9) and the MROC is asymptotically stable provided that all the eigenvalues of A S À B S F have moduli strictly smaller than one; moreover, ifM M is chosen with the same property, the MROC (15) is an asymptotically stable system, and then achieves strong stabilisation of (9) . Notice that, intialising the MROC with the 'correct' value u½0 ¼ ÀFx½0; the state feedback u½k ¼ ÀFx½k is equivalently realised for all
The left invertibility of ½Ĉ CD D can be guaranteed by the following proposition 2, which is a simple modification of lemma 2 of [7] and can be similarly proven.
Proposition 2: Given an observable system (9) and a frame period T S , if
then there exist infinite choices of n 1 ; . . . ; n q ; such that rank ð½Ĉ CD DÞ ¼ n þ m: By proposition 2, if the continuous-time plant is observable and has no null invariant zeros then the multiplicities n 1 ; . . . ; n m can be chosen so that ½Ĉ CD D is full column rank.
The following theorem 5 is a simple consequence of proposition 2 and theorem 1; to simplify its statement, the following assumption 3 is introduced.
Assumption 3: Let (10) describe the discrete-time system corresponding to the continuous-time observable system (9) under single-rate sampling with period T S : Assume that: (i) ðA C ; C C Þ in (9) constitutes an observable pair;
(iii) the closed-loop system (10) - (2) is asymptotically stable, i.e. sðA CC Þ & C g ; (iv) equation (3) has a real solution T.
Theorem 5: Under assumption 3, there exists a strongly stabilising MROC such that u½k ¼ ½D G C G C e x ½k; 8k ! 1: Let x SRO ðÁÞ denote the state of (9) equipped with the augmented output y e ðtÞ ¼ C e xðtÞ; sampled in a single-rate fashion with sampling period T S and in a closed-loop with u½k ¼ ½D G C G y e ½k; where y e ½k ¼ y e ðkT S Þ; and let x MROC ðÁÞ denote the state of (9) in a closed-loop with the MROC in theorem 5.
Corollary 1: Under Assumption 3, if x MROC ð0Þ ¼ x SRO ð0Þ and the initial state of the MROC in theorem 5 is u½0 ¼ ½D G C G C e x½0; then x MROC ðtÞ ¼ x SRO ðtÞ; 8t ! 0:
The property guaranteed in corollary 1 is much stronger than the property claimed in theorem 4, which holds only at sample times. In addition to claim that the MROC exactly recovers the single-rate motion if suitably initialised, corollary 1 guarantees that the multirate nature of the MROC causes no ripple.
Remark 8: Although a MROC is not static (see (15)), under the mild conditions in proposition 2 (which guarantee that H H½Ĉ CD D ¼ ½FM M is solvable for any choice ofM M) its dynamics can be arbitrarily assigned; hence, a MROC can be used to solve the strong stabilisation problem [7] . In particular, the choiceM M ¼ 0 yields a deadbeat stable MROC.
Notice that MRICs and MROCs do not correspond to dual control strategies [5] , and this is the reason why additional hypotheses are required in theorem 5 with respect to theorem 4. A result completely dual to theorem 4 holds if the MROC is suitably modified.
A simple example
Consider the discrete-time system having transfer function Since P(z) has a single pole z ¼ 2 between the two unstable real zeros at z ¼ 1:5 and z ¼ 1; and no pole between the two unstable real zeros at z ¼ À1 and z ¼ 1; the PIP [8] is not satisfied and the plant is not strongly stabilisable by a LTI compensator (notice that the PIP does not hold for P(s) as well). By using a polynomial approach, a second-order stabilising controller has been obtained such that sðA CC Þ ¼ f0g; i.e. the closed-loop is deadbeat. Applying theorems 3 and 5, an output augmentation T has been chosen, and then T has been 'virtually' realised via a MROC with output multiplicity equal to four,M M ¼ 0 and frame period T S : Figure 1 compares the simulation results obtained by connecting the augmented output continuous-time system with the static stabilising feedback using single-rate sampling (dashed lines), and the continuous-time system with the MROC realising the 'virtual' multirate output augmentation. Since the MROC is initialised with u½0 ¼ 0; larger transients appear in the multirate case due to the one step delay ðk ! 1Þ in theorem 5. By corollary 1, if the MROC is suitably initialised the continuous-time motions induced by the MROC coincides with the one induced by the static feedback from the augmented output. The ripple free convergence obtained by the MROC can also be appreciated in Fig. 1 .
Conclusions
It has been shown that, for any plant-compensator pair such that the closed-loop is asymptotically stable, the compensator behaves like a functional observer for the plant provided a certain nonsymmetric algebraic Riccati equation holds. In such a case, the plant can be statically (and then strongly) stabilised if the output can be augmented by the relevant function of the state.
The applicability of the previous result for digitally controlled continuous-time systems is greatly widened by observing that for such systems the required augmentation does not need additional sensors to be placed on the controlled plant, since it can be 'virtually' obtained by suitable multirate sampling of the output. The resulting controller is strongly stabilising and exactly matches the static feedback from the augmented output after the first sampling period. Dual results involving input augmentation hold. Finally, this work can also be seen as contributing an approach to the design of strongly stabilising multirate controllers mimicking an a priori fixed stabilising controller for the given plant.
Acknowledgment
This work was supported by ASI and MIUR. 
